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ABSTRACT
Homogeneous graded metrics over split Z2-graded manifolds whose Levi-
Civita connection is adapted to a given splitting, in the sense recently
introduced by Koszul, are completely described. A subclass of such is
singled out by the vanishing of certain components of the graded curvature
tensor, a condition that plays a role similar to the closedness of a graded
symplectic form in graded symplectic geometry: It amounts to determining
a graded metric by the data {g,w, V'}, where g is a metric tensor on M, w
is a fibered nondegenerate skewsymmetric bilinear form on the Batchelor
bundle E — M, and V' is a connection on E satisfying V/w = 0. Odd
metrics are also studied under the same criterion and they are specified
by the data {x,V'}, with « € Hom(T'M, E) invertible, and V'x = 0. It
is shown in general that even graded metrics of constant graded curvature
can be supported only over a Riemannian manifold of constant curvature,
and the curvature of V’ on E satisfies RV'(X ,Y)2 = 0. It is shown that
graded Ricci flat even metrics are supported over Ricci flat manifolds and
the curvature of the connection V' satisfies a specific set of equations.

Finally, graded Einstein even metrics can be supported only over Ricci flat
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Riemannian manifolds. Related results for graded metrics on Q(M) are

also discussed.

Introduction and results

BACKGROUND. Let M be an m-dimensional smooth manifold, and let C%7 be
the sheaf of smooth functions on M. Let E — M be a vector bundle of rank n,
and let € be its sheaf of smooth sections. Let A€ be the sheaf of smooth sections
of the exterior algebra bundle AE — M. This is a sheaf of Zjy-graded (graded-
commutative) algebras over M, and the ringed space (M, Af) is a split graded
manifold of dimension (m,n). Abstractly, a smooth graded manifold is defined
as a ringed space (M, .A), where A is a sheaf of Z,-graded (graded-commutative)

algebras over a smooth manifold M, and one is given the exact sequence
0N ->A- AN -0

in which A is the nilpotent ideal of A, and A/N is the sheaf C§y (regarded as
trivially graded). Holomorphic graded manifolds are defined similarly. Smooth
graded manifolds are split; i.e., there exists a smooth vector bundle E — M such
that A ~ A€ (see [1]}. By way of contrast, holomorphic graded manifolds are
not always split (see [3], and [10]). Also, there are obstructions to split smooth
graded manifolds equivariantly under the action of a given Lie group [12].

A new and enlightening characterzation of split graded manifolds has recently
been given by Koszul in [7]. He has shown that a graded manifold splits if and
only if (Zo-graded) connections exist, and that such exist, if and only if some spe-
cial derivations of the structure sheaf A—called adapted derivations—exist.
Adapted derivations potentially produce a Z-grading out of the given Zo-graded
structure in the following manner: The filtration of .A defined by the powers
N™ D N™L (r > 0) vields a filtration (Der A)” > (Der A)*! (r > —1) in
the sheaf of Zs-graded derivations Der A by letting a section D be in (Der A)"
if and only if DA’P C NP*" for all p > 0. An even derivation H is called
adapted to this filtration if (H — rId)N™ C ANT*1; this also implies that
(ad(H) — rId)(Der.A)" C (Der.A)"*!. For finite-dimensional graded manifolds,
there exists a natural number n—the odd dimension—such that N+ = 0.
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When an adapted derivation exists, it may be used as in [7] to produce a non-
trivial morphism (splitting) of Z,-graded .A-modules,

A— AN +N/N?,
which fits into the diagram

A GrA=Y NTIN™ — AIN + N/N?

>0

thus inducing on A the Z-grading of Gr.A via the universal extension of the given
splitting. Now, N'/N? has the structure of a locally free sheaf of .A/A-modules;
that is, a vector bundle (the so-called Batchelor bundle) whose rank is equal to
the odd dimension. We shall write £ instead of N'//A? when we think of it as the
sheaf of sections of the corresponding vector bundle E — M. Since GrA = A€,
a splitting yields a morphism, (M, A) — (M, AE) which is inverse to the natural
map (M,AE) — (M, A) defined by gr: A — GrA.

METRICS ADAPTED TO A SPLITTING. The main point of [7] on which we have
based our work is the relationship between adapted derivations and connections:
Given a graded connection W: Der. A x Der 4 — Der A, there exists a unique
adapted derivation HV, having the property that, Wyv HY = HV. Conversely,
given an adapted derivation H, there exists a graded connection ¥ whose H v
is equal to H. As we shall only deal with split graded manifolds, we assume that
the sheaf of Zy-graded algebras over M that we are given is A€. The splitting (or
Z-grading) of AE = @), A*€ is produced by the adapted derivation H defined
as the unique degree-prgserving derivation AE — AE which is zero on A%E, and
the identity on A'€. Such an H is then uniquely characterized by the property
that H| ke = kId|sxg, for each k. We call it the canonical splitting of AE.
Also, it shall be assumed throughout this paper that Der A€ has the Z grading
defined by H: The Z-degree |D| of a Z-homogeneous element D makes sense only
for derivations D such that ad(H)D = |D|D.

Our purpose is to characterize the class of homogeneous Zj-graded metrics
(-, -): Der A€ x Der A€ — AE whose Levi-Civita graded connection W satisfies
WV H = H for the canonical splitting H of A€. We shall say that these metrics
are adapted to the canonical splitting of AE. When a connection on the
bundle E — M is given, such graded metrics are described by a set of sections
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from S%(Der C5)* ® AE, (Der C5)* ® £ ® AE, and (A2E) ® A€ having some defi-
nite symmetries and satisfying some specific relations between them (Proposition
2.3 below). The automorphism group of the Zs-graded algebra A€ acts on the
space of graded metrics and it is shown (Theorem 2.4) that the description of
Proposition 2.3 is complete up to the action of Aut A €.

In order to get a better hold on the structure of these metrics we restrict our
attention to the subclass of those having second order depth; this means that
a graded basis {D,} of Der A€ exists for which

(Da, Dp) € €D AE.
k<2

It is shown (Proposition 3.1) that this subclass is characterized by the fact that
the endomorphism Der A€ 3 D — R(H,D)H € Der AE—R being the graded
curvature of the Levi-Civita graded connection—vanishes identically. Further-
more, it is shown (Proposition 4.1) that for such metrics a connection V' on E
can be chosen to completely describe them by fewer tensors: If the graded met-
ric is even, it requires an ordinary metric tensor g on M and a non-degenerate,
skewsymmetric, bilinear (fibered) form w € A2€, with V/w = 0. In short, an even
adapted metric of this sort is characterized by the data {g,w, V'}. Moreover, w
is actually determined by H, since (Proposition 2.1)

w=c(H,H) (ca constant factor).

When odd adapted metrics exist (dimE = dimM = 2n) the data is {«,V'},
where & € (Der C53)* ® £ defines a non-degenerate bilinear pairing and V' is a
connection on E chosen in such a way that the subspace (Der AE)g of degree-zero
derivations becomes totally isotropic. These results are to be contrasted with
those corresponding to graded symplectic structures on split graded manifolds
(M, AE) (see [8] and [11]): The fact that a graded symplectic form is closed makes
it possible to always characterize it by reduced data of this sort. In the graded
Riemannian case the condition R(H, - )H = 0 is what allows the reduction.

To explain how close this relationship really is we recall the main result from
[11]: Let E — M be a vector bundle over a symplectic manifold M with sym-
plectic form w. Let V be a connection on AE and let g be a fibered metric on
AE compatible with V. The data {g,w, V} uniquely defines a graded symplectic
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structure on (M, A£). Furthermore, its structure is of second order depth:
there exists a graded basis {D,} of Der A€ such that

@(Da, Ds) € @P A*E.
k<2
In fact, any graded symplectic form on (M, AE) is, up to the action of Aut A £,
of this type. The proof of this assertion depends strongly on the fact that @ is
closed (see (8] and [11]), and on the fact that the cohomology derived from the
graded differential forms is isomorphic to the de Rham cohomology of the base
manifold M.

Resuming: Second order depth in the graded Riemannian setting is shown here
to be equivalent to R(H, - )H = 0, where R is the graded curvature of V. In
the concrete example of the graded manifold defined by the algebra Q(M) of
differential forms on M, the allowed connection V' for which V'w = 0 has some
torsion. It turns out that w is closed if and only if this torsion belongs to the
symplectic algebra of w. In particular, if V’ is the Levi-Civita connection of g,
then dw = 0. In other words, we come as close as we can get to the data that
defines a graded symplectic structure on a split graded manifold.

GRADED RIEMANNIAN CURVATURE. We have computed in §5 the graded cur-
vature and the graded Ricci tensor for the adapted, even, second-order depth
metrics. The explicit results show that any notion of ‘graded sectional curvature’
involving (2, 2) dimensional ‘planes’ would imply that the curvature R (X,Y) €
End £*—which at each point defines an element of sp_, in the corresponding
fiber—acts like a scalar. Therefore, we restrict the definition of sectional cur-
vature only to nondegenerate (2,0)-dimensional submodules of Der AE. It is
then shown (Proposition 5.1) that split graded manifolds (M, AE) of constant
curvature can be supported only over an ordinary Riemannian manifold M
of constant curvature, and the curvature of the connection V' acts as a two-
step nilpotent operator: RV (X,Y)RV' (X,Y) = 0. It is also shown (Propo-
sition 5.2) that graded Einstein manifolds can be supported only over Ricci
flat manifolds M. Finally (Proposition 5.3) graded Ricci flat manifolds can be
supported over Ricci flat manifolds M for which the curvature of V' satisfies
Za,b(g_l)baRVI(X’ Xa)Rv,(Yv Xb) =0, and

> 0 ea(Vx RY) (¥, Xs) = 0
a,b
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where V denotes the connection on the tensor algebra generated by TM, E, T*M,
and E*, induced by the Levi Civita connection V on TM and the connection V’
on E.

SPECIAL RESULTS FOR §2(M). It is also worth mentioning that among the odd
second order depth adapted metrics obtained for the graded manifold defined by
the algebra Q(M) of differential forms on M, those corresponding to a symmetric
tensor k have been studied before and have been characterized by the condition
that the exterior derivative d is a Killing graded vector field (see [9]). But now,
the results obtained in §§2-4 below allow us to further explore the role played by
the exterior derivative d when a graded adapted metric is given on Q(M). Our
starting point is the Lie superalgebra g of dimension (1,1) generated by H, and
d (in this setting, H = 114, where Id € T{(Hom(TM,TM)) ~ T(T*M @ TM) )

[H,H|=0, [Hd=d, [dd=0.

It is then natural to investigate whether or not g generates (local) isometries or
(local) conformal transformations for the graded adapted metrics of second order
depth. The corresponding problem for symplectic graded geometry has been ap-
proached in [13] in connection with BRST quantization of constrained dynamical
systems. It has been proved there that g does generate graded symplectomor-
phisms. We have shown here that the answer in the graded Riemannian setting
is negative {Proposition 6.1). Another point is to investigate whether or not ¥

represents g. That is, whether or not the graded curvature components
R(H,d)=VyVy-VyVy—-V4 and R(d,d) =2V4V4

vanish identically. One may prove that W4d = 0 in general for adapted metrics,
but the curvature components R(H,d) and R(d,d) are in general nonzero. In
fact, for adapted metrics of second order depth, the obstruction for representing g
by W is measured by the curvature RV . Besides, the problem of understanding
the structure of W4 is far more complicated than that of Wy. Finally, and
inspired by results from [13], {14] and {7}, we also investigate whether or not
there is a derivation d’ such that

[H,d]=d and [d,d]=0

with d’ in the Q(M)-span of H and d and (H,d') = 0. This requires first the
existence of a nonvanishing function f on the base manifold M so as to define
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d' = fd—dfH. Then, for even metrics one obtains (H,d’) = 0 if and only if
f7%(H,H) = cf~%w is closed (c a constant factor). For odd metrics (H,d') = 0
if and only if K defines a Riemannian metric on M.

1. Graded metrics on AE

Notation and conventions: Let M be a smooth, real, n-dimensional manifold.
For any sheaf F over M we shall freely write a € F for a section a of the sheaf F
over an arbitrary open subset on M. If G is any other sheaf over M, the notation
®: F — G shall always be understood as a sheaf morphism, and we shall usually
specify its effect on sections by writing a — ®(a). We shall denote by A€ the
structure sheaf of a given (split) supermanifold (M, AE). We shall think of £ as
the sheaf of sections of a given vector bundle E — M, and A€ is then the sheaf of
sections of the exterior algebra bundle AE — M. When we refer to ‘a metric on
AE’ it shall always be understood as an abbreviation for ‘a metric on (M, AE)’.

We shall now summarize from [9] the pertinent definitions and results needed
for this work. For the basics on graded manifolds we refer the reader to [6].

1.1 Definition: A Z,-graded metric on A€ is a graded-symmetric, nondegenerate
AE-bilinear map,

(-, -): DerAE x Der AE — AE.
That is,

(1) (aD1, Do) = a(D1, Ds), a € AE,

(2) (D1,D2) = (=1)IP41IP:{(Dy, Dy),

(3) The map D +— (D, - ) is an isomorphism between the AE-modules Der AE
and Hom(Der AE, AE),

A graded metric is even (resp., odd) if
|(D1,D2)| + |Di| + |D2} =0 (mod?2), (resp.,=1 (mod?2)).

In any of these cases the graded metric is called homogeneous.
1.2 Definition: A graded connection on A€ is a mapping

W: Der A€ x Der AE — Der A€,
(D1,Dg) — Vp, D,



238 J. MONTERDE AND O.A. SANCHEZ-VALENZUELA Isr. J. Math.

satisfying the following conditions:

(1) Vp,(D2+ D3) = Vp, Dy + Vp, D3,

(2) V(p,+D;)D3 =V p, D3+ Vp, D3,

(3) Vap, Dz = aVp, Dy,

(4) Vp,(aDy) = Dy(a)D; + (—1)!Prllelawp D,

where a € AE. A graded connection in A€ is called Z-homogeneous of degree | V|
if for any pair (D, D,) of homogeneous derivations, (D, D2; V) is homogeneous
and

|V p, Da| = | Dy + | D2| + |V

Furthermore, V is said to be even (resp., odd) if
|Wp,Da| + |Dy|+ D2 =0 (mod2), (resp.,=1 (mod2)).
1.3 Definition: The torsion, T, of a graded connection is defined by
T(D,, D) = Vp, Dy — (-1){P1IP2lw D, — Dy, D).

1.4 Definition: Let (-, - ) be a graded metric, and V a graded connection on
AE. WV is metric if, for all homogeneous derivations D, D, and Do,
D(Dy, D3) = (VpDy, Dy) + (-1)!P'P(D;, W$, Dy)
+ (_l)IDxI(IDI+1)(Dl’ Vi D,),

where ¥ = W0 + V! is the decomposition of the graded connection into its even
and odd components.

1.5 THEOREM: Given a graded metric, there is a unique torsionless and metric
graded connection given by the formula

2(V p, Dy, Dy) =D1(Dy, D3) — (—1)IPsIID+1D2D Dy (D, D)
(~1)!P1l1D21+125D Dy( Dy, Dy) + (D1, Do), Ds)
- (~1)/PH0PsP Dy, Dy), Dy)
(- I)IDs!(IDxHIDaI)([Ds,Dl]‘ Dy).

+

+

Remark: We shall refer the reader to [9] for the proof. We only remark here
that the graded Levi-Civita connection for a homogeneous graded metric is always
even. In this work we shall deal exclusively with homogeneous graded metrics.
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It is worth mentioning how the group Aut A £ of Z,-graded algebra automor-
phisms of A€ acts on the geometrical objects that we shall be dealing with:
(1) Aut A € acts on the left of Der A€ by graded Lie algebra automorphisms

via
®. D=®doDod™} D € DerAE.

(2) Aut A€ acts on the right of the graded metrics on A€ by automorphisms

via
(D), D))*=9"Y®-D;,9-D3), (-, ) agraded metricon AE.

(3) Aut A £ acts on the right of the graded connections on A€ by automor-
phisms via

(V -<I>)D Dy = (") - (Ve.p,® D3), V a graded connection on A €.

1.6 PROPOSITION: Let W (resp., V®) be the graded Levi-Civita connection of
the graded metric (-,-) (resp., (-,")-?). Then, V® =V -&.

Proof: This is a straightforward computation. ]

2. Characterization of the graded metrics adapted to the canonical
splitting
According to [7], any even connection W on A€ gives rise to a unique splitting
derivation HY € Der A€ such that WyvHY = HY. As it was mentioned be-
fore, we shall assume that the splitting H is the canonical splitting that produces
the given Z-grading on AE = ®x»o A*£. We now want to characterize the homo-
geneous graded metrics on A€ that are adapted to this canonical splitting, i.e.,
those for which HY = H, where V is the corresponding Levi-Civita connection.

2.1 PROPOSITION:
(A) An even graded metric ( -, - ) is adapted to the canonical splitting if
and only if, for any homogeneous derivation D, (H, D} = Dw(g), where
2w = (H,H) € A%E.
(B) Au odd graded metric ( -, - ) is adapted to the canonical splitting if and
only if, for any homogeneous derivation D of degree k, (H, D) € AF*+1€.
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Proof: Let D be a Z-homogeneous derivation for the Z-grading induced by H.
From the definition of the Levi-Civita connection we get

oV H — H,D) = 2(H(H, D) - (1 + |D|)(H, D)) — D(H, H).
Therefore, H is the canonical splitting for ¥ if and only if
2(H(H, D)~ (1+|D|)(H, D)) = D(H, H).

In particular, for D = H, obtain H(H,H) = 2(H,H), and it follows that
(H,H) = 2wy € A6 I { -, - ) is odd, this implies (H, H) = 0 because
|(H, H)| should be odd. In short, H is the canonical splitting for ¥ if and only
if, for any homogeneous derivation D,

_ ) @2+ |D|)(H,D) and (H,D)=Duwg, if (-, )iseven,
o) = { (DN D) VP D o

from which the assertion follows. [ ]

Remark: We have used the fact that the Z-grading of A€ is defined by the
eigenspaces of the canonical splitting H, and that the Z-grading of Der A€ is
defined by the eigenspaces of ad(H) (cf. [7]).

This proposition says how ( -, - ) acts on the pairs of derivations (H, D),
with D homogeneous. This information, however, does not determine yet the
structure of such graded metrics. In order to elucidate its nature even further
we need to go into the structure of the left A€-module, Der A€ (cf. Introduction
above):

Use will be made of the fact that Der AE is a locally-free sheaf of AE-modules
[6], whose structure can be described as follows (see {8] and [11]): Let £* be
the sheaf of sections of the dual bundle E* — M. There is a monomorphism
i: £* — Der A€ defined by letting each section x € £* act on A€ as a degree —1
derivation:

i(s1+-8k) = Y _(=1)°* (x| sa)s1---5a -5
a>l

on decomposable sections s; -+ - sy € A*E (with s, € A'E). Similarly, End € acts
on AE by degree-preserving derivations by letting i: End £ — Der A€ be given
by

n n
End€=€®€*3A=Zs,,®x,, - iA:ZSﬂixy € Der AE.

=1 u=1
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It easily follows that ¢ extends uniquely to {(A£)®E*, thus giving a monomorphism
i: (AE) @ E* — Der AE.

In particular, Id € End £, and H = {14 is the canonical splitting of A€. On the
other hand, let X) = Der C§y be the sheaf of smooth vector fields on M. A
connection V on A€ gives, by definition, a morphism

(AE) ® Xp — Der AE
a®Xw— aVy

which is in fact a splitting for the exact sequence of locally free sheaves of AE-

modules
0o AEQRE* = DerAE 2 AER Xy — 0.

The projection Der AE — AE ® X is given on a filtration degree k derivation
D € Der A€ as follows:

D+ D € Hom((A€)*, Xp) ~ Hom(AE*, Xpr) ~ AE @ Xy,
D(Xl"'Xk) =y, iy, D
We shall fix for the moment a linear connection V on AE. Then there is a
set of sections associated to a given graded metric ( - , - ) that can be described
in terms of the basic derivations Vx, and i, (X € Xu and x € £*): The map
(x, ) — (iy,1,) € AE is clearly C*°(M)-linear and skew-symmetric. It therefore
defines a unique element L € A2 @ AE. We shall write

(ixv iw) = LO(Xa ‘P) + Ll(__; X W) + L2(_) —X> ‘P) +---, Lk€ N2E ® Akg'
We shall also write
(ixri0) = Lo(x, @) + L1(x, 0) + La(, 0} + -, Li(x,9) € A*E.

In a similar manner, the map (X,Y) — (Vx,Vy) € A, béing C*°(M)-linear
and symmetric, defines a unique element P € S2X}, ® AE. We shall write

(vX’VY> = Po(X,Y)+P1(_;X,Y)+P2(_,_;X,Y)+ y

where P, € S2X}, ® AFE. Finally, (X, x) — (Vx,i,) defines a unique element
K € X3, ®EQAE, and

(VXaix> = KO(X) X) + Kl(_) Xa X) + K2(_)_; X’ X) +-

with K € X3, ® £ ® A*€. We summarize this as follows:
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2.2 PROPOSITION: Let V be a linear connection on AE, and let n € Z4. There
is a one-to-one correspondence between the set of graded metrics of degree n on
AE, and the set of sections (P, K, L), with

P =Y Puy, € P S2x} @ A%H7e,
k>0 k>0

K=Y Ky € P X} 0E@NH1T¢,
k>0 k>0

L=Y" Lok, € A% @ A*H¢,
k>0 £>0

where, in the even case, Py and Lg are non-degenerate, and in the odd case K

is non-degenerate.

Remark: When (-, -)iseven, Py and Ly must be nondegenerate. In particular,
Py = g defines a pseudo-Riemannian metric on M, and Ly = w a nondegenerate
skew-symmetric fiber bundle map E* x E* — R; the latter restricts the rank of
E to be even dimensional. On the other hand, when ( -, - ) is odd, K¢ = &
must be a nondegenerate bilinear pairing between Xy and £*, thus restricting
the supermanifold dimension to (n,n).

Convention: We shall write a homogeneous graded metric { -, - ) on A in the
form,
( P=P+Py+---
g+P K 2t )
where K=K+ Ks+--: (even metric)
K' w+lL
) = 1 L=Ly+Ls+---
T P=P +Py+---
P  k+K phhs ,
where K=Ky +Ky+--- (odd metric)
K+ K L
\ L=Li+Lz+---

where P, € A€ ® S%(X3,), L € AFE @ A2E, and K € AFE® X}, @ € are
defined in terms of a given connection V. These matrices may be understood
as Af-valued matrices, provided that local frames {X,} on M and {x.} on E*
have been chosen, and we write

Kaﬁ = KO(Xa, Xﬂ) + Kl(_.; Xm XB) + KZ(_v s Xm Xﬂ) +ey

with similar conventions for P,; and Lqg.
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We shall now throw in the information from Proposition 2.1 of how (H, - )
acts on the basic homogeneous derivations Vx, and i, (X € Xu, and x € £*),
when Wy H = H, to further restrict the possibilities for the sections P, K, and
L. We shall make use of the following Young symmetrizers (cf. Proposition 2.3
below). First, let

A: APE @ AFE o AFFZE = (AFF2£%)* = Hom(AF*2E*, A0€)

be the map defined by

k+1
(AL)(XI’ sy Xk+2) = Z(—l)c‘_lL(Xla sy it\n eooy Xk+1s Xay Xk+2)'
a=1

It is immediate to verify that A is well defined, and A? = A under the appropriate
identifications. Note that if L = Lo,

ALy(x1,x2iXsXa) = 3, La(x1, X2 Xa, xa)-
Cyclic {1,2,3}

In particular, Ker(A|F( AT MOAT- M)) has the same symmetries as the
algebraic curvature tensors, since La(x1, Xx2; X3, xa) + L2(Xx1, X2} X4, X3) = 0,
and La(x1, X2; X3, X4) + La(x2, X15 X3, x4) = 0 ([2] Dfn. 1.108). Now let

B: AFE® X3 ® £ = A*1EQ X} ~ Hom((A*H1E") ® Xum, A%€)

be the map defined by

k+1
(BE)(X1,- s Xk413 X) = D (=1)* T K (X1, -+, Xas - -+ Xk41: X, Xa)-
a=]

Again, B is well defined and B? = B under the appropriate identifications. In
particular, if K = K,

BK2(X1’X27 X3’X) = Z K2(X1’ X2;X7 X3)a
Cyclic {1,2,3}

whereas if K = K3,

BK3(x1, x2, X3, X4, X) = K3(x2, X3, Xx4: X, x1) — K3(x1, X3, X4 X, x2)
+ K3(x1, X2, x43 X, x3) — Ka(x1, X2, x3; X, x4)-
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2.3 PROPOSITION: Let V be a linear connection on M.

(A) An even graded metric { -, - ) is adapted to the canonical splitting H if
and only if

{ (ix 1) = —w(2y (X 0) + L1 (5%, 0),
<Vx’ix> = Kl(_1 Xa X) + K‘f‘(-—? Xa X),

where
Ly e (Pr*E€@n*E)nKerd, K,e (PrA*'€0@EQ %)) NKerB
k>1 k>1

and
Ki(x;Y, ) - Ki(9;Y,x) = (Vyw) (@, X)-

(B) An odd graded metric ( - , - ) is adapted to the canonical splitting H if
and only if

{ (ix,p) = L(x, )5
(VXa ZX) = KO(X’ X) + K+(X; X)a

where

Le ((Pr*'e@n’€)nKerd; K. (Pr*E@ %3 ®E) nKerB.
k>1 k>1

Proof: Let {X,} be a local basis of vector fields and let {s,} and {xs} be local
dual bases for sections of £ and £*, respectively. The identity Id € End € can
be locally written as }_ s, ® Xo. Let us suposse that (iy,i,) = L(x,¢) where
L€ @y N*E€ @ A2E. From the equality (H, i,) = i w(z) We obtain

Z SQL(XQ, cp) = i¢W(2).

From this we have L(g) = —wz), and Ly = L — L(g) € Ker A. The other proofs

are similar. ]

Remark: So far, we have used a connection V on AE to define the tensors P, K,
and L associated to a graded metric. For example, L is clearly independent of the
choice of V, since it is defined through (i, ,). The question of how K depends
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on V is easily settled directly from the definitions and the previous results. We
may write Vi, — Vy = —i4(y) as derivations of A, with A(Y') € End A€. Then,

KY (6Y,9) = KY (6 Y, ¢) — (iag)ywia)) (X ©)

and
KY (LY,0)=KY (LY, 0) + Li(SAY)_, ).

We shall see in §4 below how, under certain hypotheses, a natural change of
connection exists that also simplifies the P-entries.

We conclude this section with the following result which is a consequence of
the previous proposition, and of proposition 1.2 of [7]:

2.4 THEOREM: Let ( -, - ) be a homogeneous graded metric; then there exists
an automorphism of the graded algebra of differential forms, ®: A€ — AE, such
that the metric { - , - }® has the form described in the previous proposition.

Proof: Let G be a homogeneous graded metric, let W& be its Levi-Civita con-
nection and let HY® be its adapted derivation. Proposition 1.2 of Koszul says
that the group of automorphisms of AE acts transitively on the set of adapted
derivations. Then, there exists an automorphism & that transforms H v into
H. Therefore, the transformed graded metric { -, - }® is adapted to the canonical
splitting. 1

Remark: This result limits further reductions performed on a graded metric
via automorphisms of AE. In fact, based on the grounds that Wy H = H, any
automorphism must preserve H. That is, Ad(®)H = H, which amounts to
determining all derivations D with ad(D)H = 0, but this is precisely the set of
degree-zero derivations. Hence, ® can be any automorphism of E. This situation
is to be contrasted with the graded symplectic case; the fact of having the pairing
(-, - ) defined by a closed nondegenerate graded 2-form is strong enough
so as to use the automorphism group Aut A £ via graded symplectomorphisms
generated by degree-increasing derivations, which can get rid of most of the
tensors appearing in ( -, - ). In the even case, one ends up with the data
{w,g9,V}, whereas in the odd case, with {x, V} (cf. [8], and [11]). The purpose
of the next section is to determine a condition under which a similar situation
can be attained for graded metrics.
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3. A condition on the graded curvature

Let R be the graded curvature of V¥,
R(Dy, D2) D3 = Vp,Vp, D3 — (-1)\P1P2ly p, Wi, Dy - V(p, p, Ds.
We shall study the endomorphism
Der A 3 D — p(D) = R(H,D)H € Der AE.

Using the fact that W is torsionless, and the fact that H is the canonical splitting
of W, we get

p(D)=Vy (VHD - [H, D]) - (VHD ~[H, D]) - (VH[H, D] - [H,[H,Dl}).
In particular, for a Z-homogeneous derivation D, of degree |D|,
o(D) =Wy (VHD - |D|D) - (VHD - |D|D) - |D|(VHD - |D|D).
It follows that
p(D) = Vy (VD - (-1)PD),
or
p=VHOVH—VHOF

where I': Der A€ — Der A€ is the R-linear map whose value on a homogeneous
derivation D of degree |D| is I'(D) = (-1)!P!D.

It is the purpose of this section to show that, under the additional geometric
assumption that p be identically zero, one may cut down the number of tensors

appearing on a homogeneous graded metric adapted to the canonical splitting.
More precisely, we shall prove the following result:

3.1 PROPOSITION: Let ( -, - ) be a homogeneous graded metric whose Levi-
Civita connection is adapted to the canonical splitting H. Then, the following
conditions are equivalent:

(1) (-, - ) has at most second order depth; that is,

+P K
(9 ) 2 1) with P, — Klw‘lK{ =0 (even metric),
()= K} w
? P =« ]
! (odd metric).
0

(2) VyVx € Spanpig{iy}, and Vyi, =0.
(3) p(D) =0, for all D € Der AE.
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The proof will follow from Lemmas 3.2-3.5 below, each of which has a sepa-
rate interest. The first two lemumas have to do with the structure of a general
homogeneous graded metric and that of its inverse. The third lemma gives the
structure of Wy in terms of {Vx,i,} under the assumption that Wy H = H,
and finally, p is explicitly computed from the known structure of Wy in Lemma
3.5. Throughout this section, an implicit use of a fixed connection V will be

made.

GENERAL STRUCTURE OF (-,-). We shall describe the relationship between the
Z-graded structure of the most general homogeneous graded metric and the Z-

graded structure of its inverse. We shall write
0
( g ) (even),
~ = w
(,)=G+¢, where (=) ¢ and G= .
k21 (Kt ) (odd).

0

Here, (i is a matrix with entries in A*€. In fact,

0 Kor_q Py 0 .
. (even metric),
K3y 0

0 Lo
Cope1 = and (o =

(P2k—1 0 ) (0 Ko
0 Lok K O

Now, the inverse of (-,-) can be explicitly computed by

()7t = Y (-GG

j20

) (odd metric).

It is convenient to write this (finite) series as an expansion ordered by the Z-

grading. Namely,
() = - 3 GGG

k>0

where £ is a matrix with entries in A*E, and
£ =-G by convention, and & =( Dby definition.

3.2 LEMMA: Let the notation be as above. Denote by ¢ ,(cj ) the terms lying in A¥E
coming from G(G~1¢)? (this makes sense for 1 < j < k, and clearly C,(:) = (k)

Then,
@ =3 (@G, 1<k,

i=1
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and furthermore,
k
b=y (-1,
i=1
Proof: This is a straightforward proof by induction. |
We now want to investigate the conditions under which the assumption (3 =0
leads to &3 = 0, and also try to tie them up with the conditions under which
(4 = 0 leads to & = 0, and so on. For this reason, the important terms to look
at will be £, &3, and &4. It is easy to check that
b =0(-0G7q,
G=0-a07G - 66T,
€=+ (7 - )G - &G0 - (GGG + GG G).
Note that

P, - Kjw™lK? 0 .
_ (even metric),
( 0 Ly - Kig7'K, )
2= e
( 0 Kz = P(x™) Ll) (odd metric).
Ké - Lln_lPl 0
Also note that the difference (éz) - C§3) = —(& — (3) is given by
: . (P~ Ky Kf)g™ K,
+Kiw 1L,
K{g_l(Pz - Klw‘lK{) 0
+L2U)_1Kf
(even metric)
@ - ¥ =
KQK,_1P1 + Pl(fc_l)tKé 0
—Pl(hi—l)tLlK,_lpl
0 Ké(ﬂ_l)tLl + Llli_lKg
—LIK_IPl(I‘C_l)tpl
| (odd metric)
and, finally,
( (P2 - Klw_lK{)g_lpz 0
( 0 (L2 - Kfy_lKl)w_lIa)
(even metric),
£G = J
0 (Ky~ Pi(k™1)*L1)s™ K}
<(K§ - LlK,—l.Pl)(K,_l)th 0 )
. (odd metric).
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3.3 LEMMA:
(A) Let (-,-) be a homogeneous graded metric. Then (§2) - §3) and £G1¢,
vanish identically if either
P,— Kiw 'Kt =0 and Ly=0, or
{ Ly - Kig7'K; =0 and Ly =0,
when the metric is even, and if either
Pi=0, and K; =0, or
{ L1=0, and Ko =10,
if the metric is odd.
(B) Suppose (52) - :gs) and £,G~1(, vanish identically, and assume that for
some integer k > 4, (3 = -+ = (k1 = 0. Then, £{&5 = -+ = &1 = 0.
Moreover,

Ge=C  and  Erp1 =Gy — QGG — GGG

Proof: The proof is by induction. The case k = 4 follows from the explicit ex-
pressions above. Now let k > 4 be as in the statement. The induction hypothesis
(applied to k — 1) says that when {3 ="+ = (x—2 =0, then {&3="--- = {2 =0,
and

€1 =Ce-1 and  &=C— GG o1 — GGG
But then, if k is as in the statement, (x_1 = 0 and hence £,—; =0, and & = (k.
The expression for £, follows now from the general formula for . given in the

previous lemma, and the induction hypothesis. |

THE STRUCTURE OF WxD. We now want to compute Wy D for D ranging
over a basis of graded derivations, say {Vx._, 1y, }, where {X,} is a local frame
on M, and {x,} is a frame for £* dual to a frame {s,} of £.

The starting point is the formula for the Levi-Civita connection. Using it in
conjunction with Proposition 1 of §2, one obtains

( 1(H{D1, D3) + (1D1] - IDa)(D1, Ds)

(even metric),

(Wi Dy, Ds) = %(H(DI,D;;) +(ID1] - lDzI)(DuDz))

+(D1<H’ D2> - (_I)IDIHDHDZ(Ha D1> - <H’ [DI,D2]>)
(odd metric).
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Even though the formula for the odd metric looks more complicated, it may
be simplified enormously when D; and D; run over a set of generators —say
{Vx, iy }—since the odd adapted metrics satisfy

IDj]=-1 = (H,D)=0 and |[D|=0 = (H,D)en.

In fact, it is a straightforward matter to verify that

((VHVX,VY) (VHVX3z<p>) ((Vx, Vy) (VX7i<p>)
(VHixa VY) (szxa th> 2 (i)o VY) (iX’ z‘P)

10 (Vxig)) I ((Fxm)(¥ ) - (Vym)(X,) —(X, @)
(—(éx,vw 0”0)* 2( w(Y, X) 0 )

where |{:,-)| is the Z,-degree of the metric (i.e., 0 or 1). We may also write a
Z-expansion for the matrix (Wg-, ) in terms of the frame {Vx,, i, } as follows:

VHa an

k21

where 7, is a matrix with entries in A*E, and it is explicitly given in terms of

the graded metric sections by

0 1 Ko
( . . I 2241 ) , j=21 (even metric)
G -1)K3; 0
it = 25 - 1)P, 0
%(( J w-ro ), j >2 (even metric)
0 (25 = 1)Ly;-1
with
m = % (P1 -(i)— oK LO ) , 66(X,Y) = (Vxr)(Y,_) = (Vyk)(X,_) (odd metric)
1
and
jiPp; 0
(J ¥ ), i>1 (even metric),
0 jLa
oy =
0 25 + 1)Ky,
%( , ¢ @ +1) 2]), j 21 (odd metric).
(25 - K3, 0

Note in particular that o, = 0 if and only if {, = 0. Now write

VHan = ZAabVXb + Z Ba[ﬂxg,
b>1 B>1

VHixa = anbvxb + Z DaﬁiXﬁ’

b>1 B>1
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so that the matrix coefficients A, B, C, and D are given by
A B\ _ A-1p F-1
(C D) =-(Xm) (X 666).
k>T >0
This may be arranged so that the expansion becomes ordered by Z-degrees,
namely,
k
A B\ _ — -1 -1
(& 5)=To=-T(En6 6
E>1 E>1 I=1
Note that the expansion has no matrix with entries in A’ ~ C*°(M). Also note

that
0 Klw‘l .
0 0 (even metric)
6, =
0 P+ 6k) (k1)
%(L -1 P+ g)(K ) ) (odd metric)
1
and
(P2 - Klw‘lK{)g"l 0 .
0 Lyw-! (even metric),
62 = 1 <3K2I€_1 — (P1 + 55)(K—l)tL1I€_l 0 )
2 0 Ki(k™1)t — Lik 1Py (k1)

(odd metric).
This time we want to impose conditions on the graded metric tensors, in order
to conclude that 83 = 0 because (3 = 0, and 03 = 04 = 0 because (3 = (4 = 0,
etc. Note that
83 =Gt - mG16G ™ — MGG,

0y = Gt — m3G16G - GGG - MGG,

and therefore, in order to start an induction argument, the expressions to look
at first are

( 0 (Pg—Klw‘le)g‘lKl

+Kiw= 1Ly
Lyw=1K? 0
(even metric)
mG 4 +mG e = 3Kak=1Py + (Py + 8r) (k=) K],
—(Py + 6x}{x~ ) L1x~1Py

: (K ~ Lik='Py)(k~ 1)t Ly

0
+L1k~1K,

0

(odd metric)
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and
( (PQQ_I(PQ—I\'IW_IK{) 0 )
0 Low™!(Ly ~ Kig~'Ky)
(even metric),
mG = !
) < 0 3Kk (K, ~ Pl(rc‘l)‘Ll)>
2 Ké(ﬂ_l)t(Ké—Lln_lpl) 0
\ (0odd metric).

It follows that from the possibilities offered by the hypotheses of Lemma 3.3, only

P~ Kw™'K!=0 and Ly =0 (even metric)

{#} = Ky=0 and L; =0, or}

(odd metric)
Kz =0 and Pl =0

have the virtue of making #; = 0, and at the same time 83 = ngé‘l and
7726—1626_[ =0.

3.4 LEMMA: Let (-,-) be a homogeneous graded metric whose Levi-Civita
connection is adapted to the canonical splitting H. Assume the corresponding
hypothesis from {*} is satisfied. If for some integer k > 4, (3 =-+- = (-1 =0,
then 69 =03 =-.- = 6;_; =0, and furthermore,

Or = neG ™ and  Oep1 = e G -GG

Proof: The proof is by induction. One must also use Lemma 3.3 above and the

explicit expressions for §; and 03 to start off the induction process. |

THE STRUCTURE OF p(-). Using the expansion ), x above, and the formula
for p in terms of Wy obtained at the begining of this_section, we may now under-
stand the operator D +— p(D) for D ranging over the basic elements {Vx_,1,_},
for a given frame {X,}. In fact, a straightforward computation shows that

k-1
p= Z((H ~7)0k + Z9k_i9,~) =S
i=1

k>1 k>1

where v = ((1) _01) is the matrix of I'(D) = (~1)!PID.
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3.5 LEMMA: Let (-,-) be a homogeneous graded metric whose Levi-Civita
connection is adapted to the canonical splitting H. Assume the corresponding
hypothesis from {x} is satisfied. If for some integer k >4, (3 =--- = (=1 =0,
then po = p3 = --+ = px_1 = 0, and furthermore, pr, = (H — v)6.

Proof: The proof is by induction. One must also use Lemmas 3.2-3.4 above and
the explicit expressions for p;, po and p3 to start off the induction process. |

We may now safely leave to the reader the details of the proof of the main
proposition stated at the beginning of this section. One starts by noting that p,
is identically zero for the even metric, but p; = 0 if and only if L; = 0 in the odd
case. Using this fact one goes to the conditions under which po = 0. In the even
case, po = 0 if and only if L, = 0, and P, — K;w™!K! = 0, whereas in the odd
case, p; = po = 0 if and only if L; = K9 = 0, etc.

4. Graded metrics of second order depth

We shall now concentrate on homogeneous graded metrics adapted to the canon-
ical splitting H which are of second order depth. This means that there is a
graded basis {D;} for Der A€ such that,

(D,’,DJ')E Z /\kg

0<k<2

or that any of the conditions of Proposition 3.1 are satisfied. In the even case,

= (3 5)

HP =2P, HK = K, and P=KuwlK!

we therefore assume that

where

and
w=—3(HH) ad K@Y~ K@Y = (Vye)(xo)

In the odd case, we assume that

where the only condition is HP = P.
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4.1 PROPOSITION: Let (-,-) be a homogeneous graded metric of second order
depth which is adapted to the canonical splitting H. There exists a connection
V' such that, with respect to the basis {V'x, i},

0
(g ) with V/w=0 (even metric),
- 0 w

0
( . n) (odd metric).
£ 0

Proof: (1) (Even metrics) Use will be made of the isomorphisms w!: £* — £,
and w®: £ — £*, and we shall identify an element s € £ with the corresponding
element s € Hom(&*, C§7) mapping x into (x | s). Thus

GO =wlxy) and  w(W(s)e)=(v|s).

If {s,} is a basis for £ and {x.} is the corresponding dual basis for £*, then

W)=Y wtXa)sa and  wPs= (Xa|8)(w apxs
o3 o,

where (w™!)sp is the af entry of the matrix inverse to w = (w(Xa)Xxs)). In
particular, the condition P = Kw~'K? translates into

P(x,9; X,Y) = K(p; Y, " (K(x: X, ) + K (p: X, " (K (: Y, "))

g = -K(xY,'(K(¥; X,)) - K(6 X, o' (K(»Y,)),

equivalently into
() P(L,5X,Y)=K(X,8(Y))=K(Y,8(X)_)
where 6(X) € End £* is given by

8(X)p =uw’(K(p; X,))  (even metric).

In fact, write

P(_’ =X, Y) = Z K(_; X, Xa)(w_l)aﬂK(_; Y, Xﬁ)‘
a8
It is now clear that (2) is true, and (1) follows by applying i, o1, to both sides
of this equation. Now use 6(X) to change the connection V by letting it be

Vixe=Vxp+6(X)p
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on £*; that is,
V'x = Vx —ig(x)_
as graded derivations of A€, and the result follows.
(2) (Odd metrics). For the odd metrics we make the following conventions:
Xy =& and K€ o XYy
are defined to be inverses of each other, with
R(@)() =r(59) and  &(X;64n())) = n(X).

The endomorphism 6(X) € End £* is defined by

O(X)p = %n’ (P(¢;X,))  (odd metric),
and the fact that P(_; X,Y) is symmetric on X and Y amounts to

P(X,Y) =x(Y;6(X)_) +x(X;8(Y)_).

We then change the connection V as before by letting V' x¢ = Vx¢ + 8(X)yp,
so that V'x = Vx —ig(x)_ as graded derivations of A£, and the result follows.

5. Curvature of even adapted metrics of second order depth

Let V'’ be a connection on E, and let g € S?(X},) and w € A%€ be nondegenerate.
We shall assume that ( -, - ) is an even graded metric on A€ of the type just
described, namely,
(Vi Vy) 'x,iso)) (g(X,Y) 0 ) ,
. LA = R Viw =0.
( (1 Vy)  (ixs i) 0 wix¥)

Using the formula for the graded Levi-Civita connection, the formula for the Levi
Civita connection of g on M, and the fact that for any n € A¥€ ~ Hom(A*E*, C$3)
one has RV'(X,Y)n = —ipv!(x,y)_» We obtain

(<VV} v V2) (VV'XV%%))

<VV’X ixs V) (vV’x Ixs )

=< 9(VxY,2) —%w(Rv'(X,Y)zp,__))
-3w(RY'(2,X)x,_) W(V%x: 9) '
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Here V stands for the Levi—-Civita connection of g on M, and we have also used

the fact that V'w = 0 to conclude that igo’(x yyw = 0, and therefore
wRY (X, V)x,0) +w(x,R¥ (X,Y)p) =0 forall x,p€&".
That is, R¥ (X,Y) € sp_, and we may write
w(RY (X,Y)_,¢) =w(RV(X,Y)p,_), etc.
Similarly

( (viwvl}" VIZ> (viwvl si«p) )
0 0

(%w(RV'(Y,Z)w,_) 0)
<Viwixvv’z) <Viwix’iw> )

It follows that

1 1
1 = ! —1 ' ' g, = —— ! o
Vo ¥y = Vouy = givars Voude = =3V (o ) T8

1
V' V/ VI v ) =
B Y 2 g“(w(ﬂv'( . .Y)x,_))’ ixte 0.

Remark: Note that the V'-component of Wy Vi, is VxY, where V is the

Levi-Civita connection of g. Also note that we have used a dot - to indicate the

argument with respect to which a 1-form on M is to be transformed, via gL,

into a vector field.

THE GRADED CURVATURE. It is a straightforward matter to verify from the
definitions that the graded curvature tensor, when combined with the graded
metric, has the following symmetries:

(R(D1, Dy) D3, Dy) = —(—1)\PsWPs(R(Dy, D2) Dy, D3),

(R(Dy, D3) D3, Dy) = —(—1)IPs11P:1( R(D,, D)) D3, Dy),

(=1)\PiIDs|(R(Dy, D3) D3, Dy) + (~1)!P3!1P2(R(D3, Dy ) D2, Dy)
+ (=1)!P2D(R(D,, D3) Dy, Dy) = 0,

(R(Dy, D3)D3, Dy) = (_1)(|D3|+|Dcl)('Dl|+|Dz|)(R(D3, D4)Dy, D3).

The first is true because W is metric. The second follows directly from the
definition of the graded curvature. The third is exactly Jacobi identity (using



Vol. 99, 1997 GRADED METRICS 257

the fact that W is torsionless), and the fourth follows from the others. In fact, if
we denote by S(Dy, D, D3, Dy) the left hand side of the third identity, then

0 = (=1)!P2I1P51§(Dy, Dy, D3, Dy) = (=1)UPs1+1PsDIDlg(D, D), Dy, Dy)
+ (=1)(Pr1+IDsDID2 1+ (D1 1+1D2D(Ds41Dal) § (D, | Dy, Dy, D)
— (=1)!DlIDsIH(DL D2 DS 41D §( Dy D, Dy, Do)
— 2((R(D1, Ds)Ds, Dy) — (~1)Pal+1DsD(Ds 414D (R( Dy D) Dy, D).
Note that
(R(D1, D3) D3, Ds) =D1(V p, D3, Dg) ~(~1)!P1 1221 Dy (W, D3, Dy)
~{Vp,,p;D3, D) + (—1)!P21Psl(W , D3, Wp,Ds)
— (~1)!PAD21+Ds) (7, D W, D).
It is then a straightforward matter to verify that
(R(ix’ iw)idn in) =0, (R(ix, i)y, VIW) =0,
(Rlix:iy) V', Viy) = w(RY (2, W)X, )
1 0, :
+ 7w(BY (57 @(RY (-, W)e, ), Z)x, )
1 o '
+ 70 (BY (g7 W(RY (-, W)x, ). 2)%, ),
. . 1 /
<R(7‘X7 VIY)ZtP’ V,VV> = —EW(RV (VV, Y)(P, X)
1 ! —- ’
+ 7w(BY (67 W@ (-, W)x. ), Y)w, ),
. 1 /
(Rix, V)V, Vi) = 3 {w( (V4 (BT (W, 2)
- RV’(VYW7 Z)_RV,(Wa VYZ))X,_) },
1 ' ’
(R(V, Vy)V%, Viy) = g(RY(X,Y)Z,W) - 5w(RV (W,Z)RY (X,Y),)

+ %w(RV’(x, Z)RY' (Y, W), )

- =

+ %w( RY'(Y,Z)RY (W, X)_, ).

Remark: One notes from these formulae that the graded manifold (M,A£)
equipped with an even, adapted, second order depth metric is flat, if and only
if the Riemannian base (M, g) is flat and V' is a flat connection on the bundle
E—- M.
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ON THE NOTION OF SECTIONAL CURVATURE. The formulae just obtained also
show that any notion of sectional curvature intended to work on the (2,2)-
dimensional planes generated by {V'y, VY, ;i,,1,} must give an invariant mean-

ing to
(R(ixs30) V7, Viv)
F(iy,1,)G(VY%, Vi)

for some Sp,-invariant symmetric functional F (e.g., F(iy,%,) = |w(x, ¥)|), and
some Og-invariant skew-symmetric functional G. In particular, since

(R(ixsiw)vlz’ w) - W(Rv,(sz)XHP)
F(ix,i,)G(V7, Viy) — Flix,i,)G(VZ, Vi)

mod A€

and since Rv'(Z, W) € sp,, an Sp,-invariant meaning for the left hand side
immediately implies that for any & € Sp,, RV (Z,W)o® = &0 RV (Z,W) and
therefore RY'(Z, W) must act like a scalar, say p(Z, W)1. This, bowever, is too
restrictive. Note, on the other hand, that the classical expression for the sectional
curvature makes good sense on the graded setting for even second order depth
metrics, when restricted to the (2, 0)-dimensional planes generated by {V'y, Vy }:

(R(VYy, V4) V', V)
NX’Y = I} '] 7 I} '} 7 *
XY) = R TV, V) - (Ve 5 )

5.1 PROPOSITION: Let { -, - ) be the even graded metric adapted to the
canonical splitting H corresponding to the data {g,w,V'}. The graded manifold
defined by AE has constant graded sectional curvature on the (2,0)-dimensional
planes generated by {V'y, Vy }, if and only if (M, g) is a Riemannian manifold of
constant curvature, and the curvature of V' in E satisfies RV (X,Y)RV (X,Y) =
0, forall X and Y.

Proof: This follows immediately from the formulae above. The first assertion is
clear. But then, the 2-form

3

v’ v’
4(g(X,X)g(Y,Y)_g(x,y)z)w(R (X,Y)RV'(X,Y)_,_)

must be constant; hence, zero. Thus R¥'(X,Y)RY (X,Y) =0 for all X and Y.
|
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THE GRADED Ricci TENSOR. The graded Ricci tensor GRic is defined as the
graded tensor whose value on the pair of graded derivations (D;, D-) is given by
the supertrace of the endomorphism

D +— R(D,D)D,

The supertrace of this endomorphism may be computed with the aid of the graded
metric in terms of a given basis. In fact, if we write

R(V,,D1)D2=_ AacV'x, + Y Bapixs,

c=1 B=1
R(ix,, D1)Dy =Y CacVx, + ¥ _ Dapixs,
e=1 B=1

then

((R(V'x,‘Dl)Dz,V'x,) (R(V'x.’Dl)Dz’ixp)> _
(R(éxole)D%VIX,) <R(iXa’D1)D2lix5>

(A B)((V.fn’le.) ( _'Xc’_ixa))
C D (1)(., ) V'x,) (’xv’ ixg)
and therefore

(A B)_((R(V{,Dl)Dg,Vf) (R(V{,Dl)Dg,i.)><_ -1
C D)~ \ (R(G. ,D))Dy, V') (R(.,Dy)Dyi.) ’ ’

If the basis is orthonormal, then the computation of the inverse is easier and
the computation of the graded Ricci tensor simplifies considerably. But when no
orthonormal basis is given a priort, the graded Ricci is computed from

. N (R(V' ,D1)D3, V') (R(V',D1)Da,i. ) _
GRic(Dy, Ds) = Str{( (R, Dll D;,V ! (RG ,D1)D2’l,i. ) ) (-, ) 1}.

The proof that GRic(D,, D;) = (—1)/P1llP2l GRic(D3, D;) boils down to
(__1)|D1| +| D2} Z(R(Dly DZ)ix,,ixB)(w_l)ag

a8
Z (D1, Do)V, Vi, (9™ ap =0
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which is obviously satisfied in the even case. For the odd metrics the graded
symmetry of the Ricci tensor amounts to verifying the equality

(1+ (—1)!Pl H1P2) N “(R(Dy, Do)V, i ) (K7)a = 0,
a,8

which is not so evident and has to be verified directly after computing the matrix
coefficients (R(D1, D2)V'_,4y,), and taking the contraction with (k")gq- In our

case, for the simplest even adapted metrics, a direct computation yields

o 1 o : ~
GRIC(ZXJ“P) = _Zw(RV (g I(W(RV ( ' »Xb)X’.._))v Xa)‘p»__)(g l)baa
.. 1 / ,
GRic(iy, Vy) = §w({lea (RY (Y, Xo))-RY (Vx,Y, Xy)
—RY' (Y, Vx. Xs) 1% _) (0 bas
GRic(Vy, V) = Ric¥ (X, Y) + gw(RV’(Y, X0 YasRY (Xo, X))

LR (G R (V) X)) 0

where RicV(X,Y) is the Ricci tensor of the Levi-Civita connection V of g, and
there is a sum understood over repeated indices.

5.2 PROPOSITION: Let { -, - ) be the even graded metric adapted to the
canonical splitting H corresponding to the data {g,w,V'}. Let V be the Levi-
Civita connection of g. If the graded manifold defined by AE is Einstein, then
RicV(X,Y) = 0.

Proof: For the graded manifold AE to be Einstein, a A = Ag + Aa + -+ € AE
is needed such that A(Dy, D2) = GRic(Dy, Dq). Taking (Dy, D2) = (iy,t,), the
formulae above shows that Ao = 0. But then, this implies that Ric¥ (X,Y) =
Mog(X,Y) = 0 when (Dy, Dy) = (Vy, V}). |

5.3 PROPOSITION: Let (-, - ) be the even graded metric adapted to the canon-
ical splitting H corresponding to the data {g,w,V'}. Let V be the Levi-Civita
connection of g. The graded manifold defined by AE is Ricci flat in the graded
sense if and only if the Riemannian base manifold is Ricci flat (Ric¥ (X,Y) = 0),
and the following two equations are satisfied:

> (g7 e { Vx, (RY (Y, X4))~RY (Vx,Y, Xs)-R” (Y, Vx, Xs)} = 0
a,b
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and

Y (670 RY (X, X2)RY (Y, Xs) = 0.

ab
Proof:  Again, the assertion is a straightforward consequence of the explicit
formulae for the graded Ricci tensor. Clearly RicV(X,Y) has to vanish inde-
pendently. Now, the first equation in the statement is just the vanishing of
GRic(iy, Vy ). The second equation is equivalent to the vanishing of the second
term in the right of GRic(V’, V%), and this in turn implies the vanishing of
GRic(iy, i), which is the same as the vanishing of the third term in the right of
GRic(Vy, V). 1

6. Adapted metrics on differential forms

We now want to specialize some of our results to the graded manifold defined by
the algebra Q(M) of differential forms on the smooth manifold M and to closely
investigate the role played by the exterior derivative d in the presence of adapted
graded metrics. Our first result is the following;:

6.1 PROPOSITION: Let g be the (1,1)-dimensional Lie superalgebra generated by
the adapted derivation H = 414, and the exterior derivative d. Then, g does not
exponentiate to isometries for any graded metric on Q(M). Specifically, H = iyq
cannot generate isometries, nor conformal transformations for any graded metric

adapted to it.

Remark: On the other hand, it has been shown in [9] that d itself does generate
isometries for a class of odd graded metrics.

Proof: We shall prove that H cannot generate conformal transformations. Let V
be any linear connection in TM. Let A € Q(M) be an invertible even differential
form, and suppose that for any X,Y € X(M),

(HA)(ix,iy> + /\H(’Lx,ly) = ([H» iX]JY) + <iXa [H, iY]>a
(HM{Vx,iy)+ AH(Vx,iy) = {[H,Vx],iv) + (Vx, [H, iv]),
(HA(Vx,Vy) + AH(Vx,Vy) = ([H,Vx],Vy) + (Vx, [H, Vy]).

The first of these equations implies

AH(ix,iy) = —(2+ H)){ix, iy ),
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where we have used the fact that ix and iy have degree —1 for the Z-grading
generated by H. In particular, —(2 + HA)/X is an eigenvalue of H; that is,
HX = —(2+k)), for some nonnegative integer k. On the other hand, the second
condition for H to generate (local) conformal transformations implies

AH(Vx,iy) = —(1+ HA)(Vx,iy)

and this time H) = —(1+k’)) (using the fact that V x has degree zero). Hence,
(k — k')A = —1; that is, X is a constant. In particular, HA = 0 and therefore,

AH(ix,iy) = ~2(ix,iy) and  AH(Vyx,iy)=—(Vx,iy),
which imply (ix,iy) = 0 and (Vx,iy) = 0, but these two conditions contradict
the fact that the graded metric ( - , - ) is nondegenerate. [ |

Remark: For the sake of completeness (and uniformity in our use of V) we shall
now investigate whether or not d generates (local) conformal transformations. We
shall need the results contained in the next Lemma based on the decomposition
of graded derivations of (M) as described in 4] and [5].
6.2 LEMMA:

(1) Let V be a torsionless connection in TM. Then

[Vx,d]=—va+iR(_,_)x and [d,ix]=Vx+‘ivx

as graded derivations of Q(M).

(2) Let V' be an afine connection on TM. Let K € Q'(M;TM) and L €
Q%(M;TM) be the differential forms with values on the tangent bundle
of M defined by

K(X)=X and L(X,Y)=TY(X,Y)=V4Y -V, X -[X,Y].
Then, d = V’K(_) + iL(_,_)-
Proof: (1) Let f € Q°(M) = C®(M). Then, for any Z € X(M),

(Vx(d£))(Z) - (d(Vx))(Z)
X( (2)) - (df)(Vx2Z) - Z(Xf)
X(Zf) Z(Xf)—(Vx2)f =([X,2] - Vx2)f = -(VzX)f.

([Vx,d]f)(2) =
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Therefore, [Vx,d] = —Vevx +ik(_;x) for some 2-form K(_,_; X) with values in
X(M). Now let 8 € Q'(M). Then, for any Z, W € X(M),

([Vx,d]8)(Z, W) = Vw X(6(Z)) - V2 X (8(W)).
On the other hand, it is easy to check that
(VoxO)(Z, W)= VzX(0(W)) - VwX(8(Z)) - 0(Vy,xW - Vy, xZ).
Thus
~(Vox8)(Z,W) - 8(Vv,xW — Vv, xZ) = ([Vx,d|8)(Z,W)
and therefore
(ik(_x)8)(Z, W) = —8(Vy,xW — Yy, x2).

But now
szxW - vaxZ = VwVZX - VzVwX + [VzX, W] - [VwX, Z]
= R(VV, Z)X + V[W‘Z]X + [sz, W] - [wa, Z]

Finally note that, after some easy computations,
Viw,z1X +{[VzX, W] - [Vw X, Z] = 0.

Therefore
(i _x)0NZ, W)= =0(Vy,xW - Vv, xZ)
= —0(R(W, 2)X) = igizw)x8 = (ir_x0)(Z,W)

from which the first formula in the statement follows. The second is proved in a

similar manner.
(2) Let f € Q%(M). Note that (Vi +ir, ))f € Q'(M), and since iz )f =
0 we have, on the one hand,

(Vi +i200) ) (X) = (Vi L HX) = Vi f = K(X)S.

But, on the other hand, we know that (d f)(X) = X f, so that K(X) = X as
claimed.
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Now let 6 € Q!(M). Note that (V' | +iz( )6 € 2?(M), and
(Vi) +iL0)0)(X,Y) =(Vx6)(Y) - (Vi 8)(X) +6(L(X,Y))
=X(8(Y)) - Y (6(X)
- (VY - V4 X + L(X,Y))
But VY — V4, X = [X,Y]+ TV (X,Y). Therefore
(Vi) +iL ))8)(X.Y) =do(X.Y) + 8(L(X.Y) - TV (X.Y))

and therefore L(X,Y) =TV (X,Y). 8
Let A € Q2(M) be an even invertible differential form, and suppose that for
any X,Y € X(M),
(dM)(ix.iy) + Ad(ix,iv) = ([d,ix].iv) = (ix, [d,iv]),
(dA(Vx,iy)+Ad(Vx,iy) = ([d, Vx],iy) + (Vx,[d,iv]),
(dM(Vx, Vy) + Ad(Vx,Vy) =([d, Vx], Vy) + (Vx,[d, Vy]).

Then, the first of the conditions for d to generate local conformal transformations

yields
M {ix,iv)+ Ad{ix,iy) = (Vx,iy) — {ix, Vy) + {fox,iy) — {ix,ivy).
The second of the conditions yields
AM)(Vx,iy)+Ad(Vx,iv) = (Vx, Vy) = {ir_ yx,iv) +H{Vex,iv) +{Vx,ivy)
and finally, we obtain from the third,
dANVx,Vy)+A2d(Vx,Vy) =(Vvx,Vy}+ (Vx,Voy)
— (iR )x» Vy) = (Vx.ir_ v )-

Note that there is no Q°(M) component in (d A){ix,iy )+ Ad{ix,iy). Therefore,
the corresponding Q°(M) component appearing in the right hand side of it must
vanish identically. That is, Ko(X,Y) = Kp(Y, X). The same argument works for
(dA){Vx,iy)+ Ad(Vx,iy). This expression has no 2°(M) component; hence,
Py(X,Y) = 0. In particular, the graded metric cannot be even, and if it is
odd (i.e., homogeneous) then Ky must be nondegenerate and therefore defines a

Riemannian metric on M, as found in [9] by other means.
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REPRESENTATION OF g BY W. We shall restrict ourselves for the moment to
adapted metrics of second order depth in order to show that, even in this simpler
case, the Lie algebra g cannot in general be represented by ¥. We shall look at
the curvature coefficients (R(H,d)D,, D;) and (R(d,d)D;, Ds) for Dy and D,
ranging over the basic set of derivations {V'y, iy}, and with V' be chosen so that

ViY = VxY +6(X)Y

with V being the Levi-Civita connection of a metric on the base (¢ = P or
k = K, depending on whether the graded metric is even or odd, respectively).
so that TV (X,Y) = ©(X)Y — O(Y)X. Note first that
(R(H,d)Dy, Dy) = H{(V 4Dy, D3) — (V4D,,VyDs2) — (VyDy, Dy)
— d(V Dy, D) + (-1)!P(Wy Dy, W4Dy).
But we have already found that second order depth adapted metrics have the
property that Wy D = 0 for D € {V'y,iy}. Therefore

<R(H, d)Dl,D2> = H(Vle,D2> - (Vle,DQ), D; € {Vx,iy}.

In particular, (R(H,d)D;,D;) will be non-zero, as soon as the coefficient
(W4Dq, D,) contains a non-zero 2-form. To investigate this we may write d
as in Lemma 6.2 (2), and use the Christoffel symbols at the beginning of §5 for
E =T*M, together with the definition of the graded metric. Thus, for example,

we find
. 1, , 1 :
(WaVl, iy) = _§(znv,(K(_)lx)_,zy) = —iw(RV (K(), X),Y).

But it is now evident that (R(H,d)V'y,iy) will not be zero, since this 2-form
is in general non-zero. The reader may verify, for example, that even though
(VaV'%, Vy) would make the 3-form w(RY'(X,Y)L(,,_), ) appear, it is never-
theless zero (as a consequence of V'w = 0). Similarly, an easier computation
shows that (Wgqix,iy) is always a 1-form, but (V4ix,Vy ) is again a scalar

multiple of the 2-form w(Rv'(K X)), Y). On the other hand, we have
(R(d.d)Dy, Dg) = 2(d(V 4Dy, Dy) + (-1)!P1(W4 Dy, W4 Dy)),

which again may be explicitly computed from the Christoffel symbols and the
definition of the graded metric. More tedious and lengthier computations show
that these are in general non-zero because dw is not necessarily zero, and because

the same non-zero 2-form above appears.



266 J. MONTERDE AND O.A. SANCHEZ-VALENZUELA Isr. J. Math.

ON THE STRUCTURE OF W4. From the definition of the graded Levi~Civita con-
nection, one may compute the connection coefficients (W4Vx, Vy}, (WqVx,iy),
(Vaix, Vy), and (Vqix,iy). The results, however, are rather complicated and
not particularly useful (as they were for ¥y in §3). Nevertheless, there are some
general conclusions that can be drawn for d and W4: For example, (d,d) = 0,
which follows easily by writing d = Vi as in Lemma 6.2 above with a torsionless
connection V.

6.3 LEMA: Let (-, - ) be any homogeneous graded metric on (M), and let W
be its Levi-Civita connection. Then, Wad = 0.

Proof: This is a straighforward calculation from the formula for the Levi-Civita
connection: For any homogeneous derivation of degree |D|, we have, 2(W4d, D)
= —D{(d,d) and the assertion follows from the fact that for any graded metric
(d,d) =0. |

6.4 LEMA: Let (-, - ) be any homogeneous graded metric on Q(M), and let ¥
be its Levi—Civita connection. Let

p(d, D) = d(H, D) - (-1)'P\D(H,d) - ({d, D], H).
Then,

2(Vyd, D) = H(d, D) + (1 - |D|}{d, D) + p(d, D),

2(VdHa D) = H<d’ D) - (1 + IDI)(d» D) + p(d’ D)
Moreover, p(d, D) = 0 identically when ( : , - ) is H-adapted and even. When
the graded metric is H-adapted and odd, we have

P(d, "fX) = _KO(_; X))

p(d, Vx) = d(Ko(X; ) — (VxKo®)(5.) — Ko(VX; ),

where Ko*(Z;W) = Ko(Z,W) — Ko(W, Z). In particular, if Ky is a Riemannian
metric and V its Levi~Civita connection, then p(d,Vx) = 0.

Proof: Using the formula for the Levi-Civita connection we have
2(Vyd, D)= H(d,D)+ (1 - |D|){d, D)
+d(H, D) - (-1)"'D(H,d) - (4, D), H),
2(V4H,D) = H({d, D) — (1+|D|){d, D)
+d(H, D) - (-1)\PID(H,d) - (H,[d, D),
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thus proving the formulae of the first part of the statement. As for the evaluation
of p(d, D), the assertion for even adapted metrics follows from the fact that
2(H,D) = D(H, H). For odd adapted metrics, we know that (H,ix) = 0. This
implies (H,ik) = 0, for any differential form K with values in TM. On the other
hand, we know that (H,Vx) € QY(M). In fact,(H,Vx) = Ko(X;_). It is then
easy to check—e.g., writing d = 8V x, (summation convention)—that

(ix(H,d))(W) = Ko(X; W) — Ko(W, X),
and since [d,ix] = Vx + tvx, it follows that
p(d, ix) = d(H,ix) + ix(H,d) - ([d,'ix],H) = —Ko(_;X)-.

Similarly, a straightforward computation yields the formula for p(d, Vx). |

6.5 LEMMA: Let (-, - ) be a homogeneous, H-adapted, graded metric on Q(M).

Then
Po(,,X)+ Py (5, X) (even metric),

d =
( ’Vx> { _Pla(_; _aX) + Po+(_; ) X) (Odd metric),

where P, and P, belong to the Kernel of some Young symmetrizers (analogous

to those used in Proposition 2.3). Similarly,

-K1°(5,X)+ Kot (_;_,X) (even metric),

(d, lx) = { Ko(_;X) + K¢+(__;_, X) (odd metric).

ADAPTED METRICS ON THE PLANE H-d. We finally want to look at the restric-
tion of an adapted metric to the Q(M)-span of the derivations H and d. Since
{(d,d) = 0, we may write

(H,H) (H,d))_(w n
(d,H) (dd)) \n 0/
Now, we would like to define a degree +1 derivation d’ in the Z-grading generated

by H, and in the Q(M)-span of H and d, such that (H,d’) = 0, with (d’,d') =0
and d' od’ = 0.

6.6 LEMMA: Let d' = fd+GH. Then

[Hd]=d <= feQM) and Be QM)
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In that case, (d',d') =0 and d'od' =0 <= pf=-df.

Proof: This is a simple computation: First, note that
[H,d]=(f + (Hf))d +(HP)H,

and the latter is equal to fd+8H if and only if Hf = 0 and HfS = 3, and the
first statement follows. For the second, note that

(fd+pH)o(fd+fH) = f(df+pf)d+dBH.

Remark: The question arises as to what is the relationship between the coho-
mology of the complex {Q(M);d} and that of {Q(M);d'}. The answer is given
in the following Lemma (for related work on shifted cohomology see also [14]).

6.7 LEMMA: Let f € Q°(M) be a nowhere vanishing function on M. Let H*(M)
be the k-th cohomology group of the de Rham complex, and let H )’?(M ) be the
k-th cohomology group of the complex {Q(M);d’'}, whend’' = fd —(d f)H. Then

1
€ H}(M) << [F"] € HE(M).
Proof: It is a simple computation. |

6.8 PROPOSITION: Suppose d' = fd —~(d f)H for some non-vanishing function
fonM.

(1) Let (-, - ) be an even adapted metric. Then
@ H) =0 < dw= 2¥w = [}gw] e HX(M).
(2) Let (-, - ) be an odd adapted metric. Then
(d,H)=0 <= (d,H) =0 <<= Ki2Z,W)=KoW,?2),

that is, Ko defines a Riemannian metric if and only if the H-d plane is
isotropic.

Proof: If the metric is adapted and even, then (H,H) = w implies (H,d') =

1 d'w. Since Hw = 2w, we have

1y
Sdw= %(fdw—2(df)w).
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When the adapted metric is odd, we know that |D| = —1 implies (H, D) = 0.
In particular, since H = i14 = §%x, (summation convention), we clearly have
(H,H) = 0. On the other hand, we also know that |D| = 0 implies (H,D) €
QY(M), and we may write

A(X,)=(H,Vx).
Writing H = 6%ix, (summation convention), it is easily seen that
A(X, )= (H,Vx) = Ko(X, ).
On the other hand, writing d = §*Vx_ (summation convention) we have
nZ,W) = (H,d)(Z,W) = Ko(Z,W)— Ko(W, Z).

Finally, if ' = fd —(d f)H, we obtain (H,d’) = fn and the second statement
follows. 1

Remark: Note what are the conditions on the simplest adapted even graded
metrics to achieve this situation. If {X,} is a local frame in M, and {6°} is the
dual frame, the vector-valued 1-form K of the proposition above may be written
as y_, 0% ® X,. Define ©%,(X) as usual: ©(X)X, =", ©%(X)Xa. Then

TV (X,Y) =0(X)Y —0(Y)X = _((6% A 6")(X,Y))X,.

Let T° € Q*(M) be defined as 3 ,©0% A 6°. Then we may write d =
2.a(0°V’ +T%ix,), and therefore
(Hyd) == 0% AP A°wae = — Y _(O%wae — O%cwan) A 6° A 6°.
a,b,e b<e

Thus (H,d) vanishes (i.e., with f = 1) if and only if ©%, € sp(w)—the symplectic
algebra of w. Using the definition of © in terms of the data w and K, together
with the property K(Y, X, Z)~K(Z,X,Y) = (Vxw)(Z,Y), the obstruction boils
down to Vw = 0. Thus

Oesp(w) <= Vw=0 <= dw=0.
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